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Abstract: In this paper, order statistics and associated inferences are considered from
Lindley distribution. We derive the exact forms of means, variances and covariances
as well as the moment generating functions of order statistics. These obtained forms
allow us to compute the means, variances, and covariances of the order statistics for
various values of the shape parameter. These values are then used to compute the
coefficients of the best linear unbiased estimators, the best linear invariant estimators,
and the least square estimators of the location and scale parameters. The variances
and covariances of these estimators are also presented. Using the best linear unbiased
estimators and best linear invariant estimators we construct confidence intervals for the
location and scale parameters through Monte Carlo simulations. In addition, based on
the ordered data, we investigate how to obtain the best linear unbiased predictor and
the best linear invariant predictor for future order statistics. Finally, data analysis and
Monte Carlo simulation have been performed for illustrative purposes and comparative
studies, respectively.
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1 Introduction
Consider the Lindley distribution with the probability density function (pdf)
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f(z) (1+z)e ™ >0 6>0, (1)
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and the cumulative distribution function (cdf)

0+ 146z 4,

F(z)=1 arl

x>0, 6>0, (2)

where 6 is the shape parameter. The Lindley (LI) distribution was introduced by
Lindley (1958) in the context of Fiducial and Bayesian statistics. The Lindley pdf can
be written as a mixture of an exponential distribution with scale parameter 6 and a
gamma G(2,A) with mixing proportion p = 6/(6 + 1). The LI distribution received
considerable attention in the last few years. Ghitany et al. (2008) showed that in
many ways the LI distribution can fit the data effectively better than the exponential
model. They studied various distributional properties and other related issues of this
distribution. For further studies about LI distribution, one may refer to Chesneau et
al. (2021), Kharazmi et al. (2023), Ali et al. (2013), Nadarajah et al. (2011), Krishna
and Kumar (2011), Bakouch et al. (2012), Zakerzadeh and Dolati (2009), Gupta and
Singhn (2013), Al-Mutairi et al. (2013), Gomez-Deniz et al. (2014) and Asgharzadeh
et al. (2016).

Order statistics have found important applications including life testing, reliability
theory, characterization, statistical quality control, signal and image processing and
many other fields. Order statistics and related inferences have been discussed for
many distributions, see for example Arnold et al. (2008) and Balakrishnan and Cohen
(1990). However, to the best of our knowledge, LI order statistics and their use in the
inference are not considered so far in the literature. For this, our main aim in this
paper is to consider and study the problem of ordered data of the LI distribution. In
this context, we derive exact expressions of all moments of LI order statistics. The
means, variances and covariances of LI order statistics are readily computed based on
the resulting expressions. Then, we use these moments to obtain best linear unbiased
estimators (BLUESs) for the location and scale parameters. The prediction of future
order statistics based on Type II censoring sample from 3-parameter LI distribution is
also discussed.

Regarding the best linear unbiased estimations we mention, for example, Kumar
et al. (2023) who have discussed Estimation of the location and scale parameters of
generalized Pareto distribution based on progressively type-II censored order statistics.
Mahmoud et al. (2003) have obtained the best linear unbiased estimates (BLUEs) and
interval of future order statistics from inverse Weibull distribution by using Type-I1
censoring. MirMostafaee et al. (2016) have derived the single and product moments of
Record values from NH distribution. Then, they have used these moments to obtain
the BLUES for the location and scale parameters.

The rest of the paper is organized as follows. In Section 2, we derive the means,
variances, covariances and moment generating functions of order statistics. Next, in
Section 3, we obtain the BLUESs, best linear invariant estimators (BLIEs) and least
square estimators (LSEs) of the location and scale parameters. The BLUEs and BLIEs
are then used to construct confidence intervals (CIs) for the location and scale param-
eters. In Section 4, we discuss point predictions for future order statistics. Finally,
we present two numerical examples to illustrate the results developed in this paper
and conduct a numerical simulation study to assess the efficiencies of the BLUEs with
respect to the MLEs, BLIEs and LSEs of the location and scale parameters.
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2 Moments of order statistics

In this section, we present exact expressions of the single and product moments as well
as moment generating function of LI order statistics. The expressions presented here
are explicit and can be used effectively in practical set-ups.

2.1 Single moments

Let X1, Xo,..., X, be independent, absolutely continuous random variables with com-
mon pdf f(z) and cdf F(z), and let X;.,, < Xa., < ... < X, be the corresponding
order statistics. The marginal density function of X;.,, (i = 1,2,...,n) is given by
(Balakrishnan and Cohen, 1990)

finl) = @] L~ F@)]" " f(x).  —o0 < < oo,

(i — 1)i(n—i)!

Further, the kth moment of X;., (i =1,2,...,n) can be written as (see Balakrishnan
and Cohen (1990), P. 25)

afhy = B(xf)
- o @I - PE) @)
N — (51 ) e [ Fr e @)
B (=D —i) =\ J 0 :

By plugging the expressions of the pdf and cdf in (1) and (2) respectively, into (3), we
obtain

i1 . o n+j—1
( I R : 1) -
Qjn (i—l)!(n—i)!g( J )( ) /0 T < 0+1 e

X ( o ) (14 z)e %dx

0+ 1
nl i—1 i
- - _1 j . k.
(7/—].)'(72,—2)' . ( 7 )( ) gl(.]an72a ’ )7
7=0
where
62 0+ 1+ 0x ntj—i
] ) k 0 = S — —0z k 1 —de
gl(]anvla ) ) (9+1)A ( 9+1 e ) .’E( +£L’)€ X
02 oo Ox n+j—i o
= 1 —O0(n+j—i+l)z .k 1 de.
(9+1>/o (+e+1> e F(1+ z)de
By making the transformation y = %, we have then

1 k o0 1 . .
g1(j,n,i, k,0) = (90‘:71) / yk (1 + o‘g y> (1+ y)n+J—z e—[(n+J—z+1)(9+l)]ydy
0
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_(9+1)kn+j_i n+j—i1 itk (0+1)
—QIHZ(T)/O?J bty

r=0
xexp{—(n+j—i+1)(0 + 1)y}dy

n+j—1
(0 + 1)k n+j—i
= ok Z ( 72 )
r=0
" On+j—i+l)(n+j—i—r+k)l+Mn+j—i—r+k+1)
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Now, from (3), the first and second moments of order statistics X;., (i = 1,2,...,n),
are respectively;

n - 71— P T ntj—i
O‘”:E(Xi‘“:m;( i) ey m(we 9)

X o (1+ x)e % dx
0+1

i—1ntj—1

~ s 2 (1) () e

y (9(n+J—z+1) (n+j—2—r+1)!+(n+j_i_7a+2)!>
[(n+j—i+1)(0+1)rtii—r+3 ;

i1 . n+j—1
(2) 2 n! i—1 j ;EQ 0 ! bx 6—99:

o, =FB(X, )= : : ] 1) 76
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X 6* (1+z)e %4
T z)e x
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7=0 =0

o <9(n+]z+1) (n+]zr+2)!+(n+jir+3)!>
[(n+7 —i+1)(f + 1)]nri—i—r+4 :

From the first two single moments of X;.,,, we may compute the variance X;.,, as

ﬁi,i:n = VG,T‘(XZ';n) = aEQVZ - azzmm (1 <1< n)
We have computed the means a;,, (i = 1,2,...,n) for n = 2(1)8 and § = 0.5(0.5)4.5
and these values are reported in Table 1. The variances and covariances 3; j., (1 < j <
n,i = 1,2,...,n) are reported for n = 2(1)8 in Tables 2-3. It worth mentioning that
for the special case where n = i = 1, the means and variance of the LI distribution,
respectively, are (Ghitany et al., 2008)

0+2 (2)

N 2(6 + 3) 0% + 40 + 2
60 +1)"

(2)
E(Xl 1) m V(l?“(Xl 1) m

a1:1 = E(Xlzl) =
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2.2 Moment generating function

Arguments similar to those in Subsection 2.1, one can also provide exact expression for
the moment generating function (MGF) of any ith order statistic (i=1, 2, .., n). By
getting an explicit expression of the MGF of X;.,,, all moments of ith order statistics
follow immediately. The MGF of X;., (i =1,2,...,n) is derived to be

M., (t) = Eletin)
n'

= MMAw em[F(m)]i_l[l _ F(l‘)]n_if(w)dx

) <—1>n<'”—>' > ("5 )ew /OOO e*[1 = F(@)" ™ f()do
i 3 i B T . n+j—i
- “—iﬂ&=%ﬂ§;< j1>(7D{A e (921i069>
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=0
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By using the transformation y = %, we can write go(n, 1,7, 6) as follow
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Differentiating M,.,,(t) with respect to ¢, we obtain;

i—lntj—i . gr+i—i—r+2

M, (t) = FoON nﬂ'z Z (z—1)(n+ﬂ7z)(_1)1'(”9)%]_%7”1

g (Wﬂzﬂ)ﬂ (n+‘7ir+1)!+(n+jir+2)!)
O(n+j—i+1)—tnti—i-r+3 )

In fact, the explicit expressions of the 1st moments of X;,, (i = 1,2,...,n) can be
obtained directly by setting setting ¢ = 0 in M/, (t), which gives the results obtained
previously.

2.3 Product moments

The joint density function of X;., and X;.,, (1 <i < j < n) (Balakrishnan and Cohen,
1990) is

(i1~ = Ty @ ) = Ry

x[1—=F)]"™ f(z) f(y), —o<z<y< oo

The product moments of order statistics can be written as

i = B Xi)= G G~ G / [ e

fl’,j:n(xa y)

X[F(y)—F(IE)]J - 1[1 "7 f(x) f (y)dyda
< 1j - r s 1 —1
(2—1)'(3—2—1 (n— ]'TZO; +( )

]—2—1 / / ay[l — F ]g i—st+r—1
[1 = F)" 7" f(2) f(y)dydz.
For the LI distribution, we have for (1 < i< j <n)

i—1j—i—1

Qi jon = E(XinXjn) = TG _”' 'Z 3 (- r+s( i—1 )

r=0 s5=0

3 . 4 oo Jj—i—s+r—1
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><< s )(9+1)2/() z(l+z)e <9+1 e

o o (O 1+0y N\
Oy 0y
x[/x y(l+vy)e ( ) e ) dy

Note that

0 n—j+s
/ y(1+y) e 0y (9-1—14-93/ 6—9?!) dy

dz. (4)

0+1
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=0 0+1

where I;(z) = [0 yn-itsmatig=6n=itstlygy j =1 2. By making the transforma-
tion u = f(n — j+ s+ 1)y, we get

1 el . .
Ii(z) = . . y yn—its—atit)—lo—ug,,
( ) {0(77' —J)+s+ 1)}n7]+87m+7‘+1 /G(n—j+s+1)$

By using the fact that the cdf F'(z) of the gamma distribution can be written as a
partial sum of Poisson probabilities

T
Fz) =) T
l=p ’

It follows that the integrals I;(x) becomes

T(n—j+s—q +i+1)
{(n—j+s+1)pn—dts—atitl
n—j+s—q1+1

~ Z e—9(n—j+s+1)m {e(n - .] _:S' + 1)}l1$l1
1!

ll=0
n—j+s—q1+1 VT
1 e O(n—j+s+1)x xll

I'n—j — i+ 1 - . .
(n J+s g1 +1+ ) l; {9(71 *jJr s+ 1)}n7]+57q17l1+74+1 l1!

By plugging (5) into (4), we get
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42 0+1
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n—j+s— 1 .
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From the first two single moments and the product moments, we may compute the
covariance of X;., and Xj.,, as

ﬁi,j:n = COU(Xi:naxj:n) = O j:n — QinQjin, (1 <1 <,7 < n)

The values of covariances f5; j., (1 < i < j < n) are computed and displayed for
different values of n and 6 in Tables 2-3.

3 Linear estimators

In this section, we use the means, variances and covariances computed in Section 2 to
obtain the coefficients of the BLUEs, BLIEs and LSEs of yand 0. Let Y., Yo, ..., Youn
be order statistics from a sample of size n from the location-scale family of the LI dis-
tribution (denoted by LI(u,o,0) ) with pdf

02

Iy () )(0+y—u) e US> —co<p<oo, o3>0, (6)

- a2(0+1

where p and o are the location and scale parameters, respectively. Let us consider

Y. —
Xi:n: il 7/117 i:1,2,...,n.
o
Then X1.,, Xo.n, .., Xn.n are the corresponding order statistics from the standard LI

distribution with pdf given in (1). Suppose that we observe the first n order statistics
values Y1., = Y1.n, Yorn = Y2:ny - -+, Ynin = Yn:n from a population with cdf F(y,.) and
pdf f(y,.). Given y = (Y1.n, Y2:ns - - - s Yn:n ), the likelihood function is given (Arnold et
al., 1998) by

n
f1,2,..‘n:n(y1:n7y2:n7 oo 7yn:n) =n! H f(yi:n)a Y1i:n S Ya:n S ce S Yn:n-
i=1



139 A. Fallah

Table 1: Means of order statistics for # = 0.5(0.5)4.5 and n = 2(1)8.
nifd=056=160=15 0=2 =25 =3 6=35 =4 =45

4.7778 2.1875 1.3733 0.9861 0.7632 0.6197 0.5202 0.4475 0.3921
1.3525 0.5648 0.3379 0.2359 0.1793 0.1439 0.1197 0.1023 0.0892
2.9616 1.3079 0.8040 0.5697 0.4371 0.3528 0.2948 0.2527 0.2209
5.6859 2.6273 1.6580 1.1943 0.9263 0.7532 0.6330 0.5448 0.4777
1.0648 0.4350 0.2577 0.1789 0.1356 0.1085 0.0902 0.0770 0.0671
2.2157 0.9540 0.5787 0.4068 0.3106 0.2498 0.2083 0.1782 0.1556
3.7075 1.6617 1.0294 0.7327 0.5637 0.4557 0.3814 0.3272 0.2862
6.3453 2.9492 1.8675 1.3481 1.0472 0.8524 0.7168 0.6174 0.5415
0.8829 0.3546 0.2085 0.1442 0.1090 0.0872 0.0724 0.0618 0.0538
1.7922 0.7567 0.4545 0.3178 0.2418 0.1940 0.1615 0.1381 0.1204
2.8510 1.2501 0.7649 0.5404 0.4138 0.3334 0.2784 0.2384 0.2082
4.2785 1.9360 1.2057 0.8608 0.6636 0.5373 0.4500 0.3864 0.3381
6.8621 3.2025 2.0330 1.4699 1.1431 0.9312 0.7835 0.6751 0.5923
0.7566 0.2997 0.1752 0.1208 0.0912 0.0728 0.0604 0.0515 0.0449
1.5144 0.6292 0.3751 0.2612 0.1982 0.1588 0.1321 0.1128 0.0983
2.3478 1.0116 0.6133 0.4310 0.3289 0.2644 0.2204 0.1886 0.1646
3.3542 1.4886 0.9166 0.6499 0.4987 0.4024 0.3363 0.2883 0.2519
4.7406 2.1597 1.3502 0.9663 0.7461 0.6047 0.5069 0.4355 0.3812
7.2863 3.4110 2.1695 1.5707 1.2224 0.9965 0.8389 0.7230 0.6346
0.6634 0.2597 0.1511 0.1040 0.0784 0.0626 0.0519 0.0442 0.0385
1.3163 0.5396 0.3197 0.2219 0.1681 0.1345 0.1118 0.0954 0.0832
2.0097 0.8534 0.5136 0.3594 0.2736 0.2196 0.1828 0.1563 0.1363
2.7986 1.2226 0.7463 0.5264 0.4026 0.3242 0.2705 0.2316 0.2022
3.7708 1.6880 1.0443 0.7425 0.5707 0.4611 0.3857 0.3308 0.2892
5.1285 2.3484 1.4726 1.0559 0.8136 0.6621 0.5553 0.4773 0.4180
7.6460 3.5881 2.2857 1.6564 1.2901 1.0522 0.8861 0.7640 0.6707
0.5915 0.2292 0.1329 0.0913 0.0687 0.0548 0.0454 0.0387 0.0337
1.1669 0.4729 0.1930 0.1930 0.1460 0.1167 0.0969 0.0827 0.0720
1.7642 0.7398 0.3086 0.3086 0.2345 0.1880 0.1564 0.1336 0.1165
2.4189 1.0427 0.4440 0.4440 0.3387 0.2723 0.2269 0.1941 0.1694
3.1783 1.4025 0.6088 0.6088 0.4665 0.3761 0.3141 0.2691 0.2350
4.1264 1.8594 0.8226 0.8226 0.6333 0.5122 0.4286 0.3678 0.3217
5.4626 2.5114 1.1337 1.1337 0.8773 0.7121 0.5976 0.5138 0.4501
7.9579 3.7420 1.7311 1.7311 1.3491 1.1008 0.9273 0.7997 0.7022

OO0 TITTITITITJOOODOODONNUTUNUTUTR s s s W ww N
OO THEWN RO UERE WU WN RO WD R EAEWNFWN N

For the location-scale family of the LI distribution (6), the likelihood function based
on n order statistics takes the form

n! 620 L= 0 —

L= iy O+ Yin =) op(=2 3 (Vew =), y>p ()

i=1 i=1
From (7), it is easily seen that the MLE of fip;r, = y1.1. The MLE of 677 can be

obtained by maximizing (7) with respect to u and o.
The BLUES of  and o (Arnold et al., 2008), pp. 171-179 take the forms

- 1 - - - - -
fior = A(aTﬁ N I)Y:;am:n (8)

~ _ 1 T p—1 T p—1 T —1 T -1 _ -
Opru = A(l ﬂ la /8 -1 /6 al /8 Y—;biyvi:ny (9)
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Table 2: Variances and covariances of order statistics for § = 0. 5(0.5)4.5 and n = 2(1)8.
n =05 =1 0=15 =2 =25 =3 =35 §=4 §=45
2 2.4321 0.5273 0.2099 0.1086 0.0651 0.0429 0.0302 0.0223 0.0I71

2.0864 0.4726 0.1936 0.1020 0.0619 0.0412 0.0292 0.4475 0.0167

8.5062 2.0273 0.8606 0.4650 0.2876 0.1939 0.1389 0.4475 0.0807

1.2689 0.2612 0.1007 0.0511 0.0302 0.0197 0.0138 0.0101 0.0077

1.1036 0.2385 0.0946 0.0488 0.0292 0.0192 0.0135 0.0099 0.0076

3.0324 0.6914 0.2835 0.1493 0.0905 0.0602 0.0426 0.0316 0.0243

0.9799 0.2178 0.0882 0.0461 0.0279 0.0185 0.0131 0.0097 0.0074

2.7145 0.6348 0.2652 0.1416 0.0868 0.0581 0.0414 0.0308 0.0238

8.7692 2.1150 0.9061 0.4929 0.3064 0.2074 0.1490 0.1119 0.0869

0.8013 0.1581 0.0595 0.0297 0.0174 0.0113 0.0079 0.0058 0.0044

0.7023 0.1459 0.0564 0.0286 0.0169 0.0111 0.0077 0.0057 0.0043

1.6783 0.3684 0.1471 0.0760 0.0455 0.0300 0.0211 0.0156 0.0119

0.6327 0.1355 0.0535 0.0275 0.0164 0.0108 0.0076 0.0056 0.0043

1.5187 0.3431 0.1396 0.0731 0.0442 0.0293 0.0207 0.0153 0.0118

3.2737 0.7641 0.3183 0.1694 0.1035 0.0691 0.0492 0.0366 0.0282

0.5735 0.1253 0.0503 0.0262 0.0158 0.0104 0.0074 0.0054 0.0042

1.3812 0.3180 0.1314 0.0696 0.0424 0.0283 0.0201 0.0149 0.0115

2.9953 0.7112 0.3005 0.1617 0.0996 0.0670 0.0478 0.0358 0.0277

8.8614 2.1508 0.9264 0.5061 0.3155 0.2141 0.1541 0.1159 0.0901

0.5608 0.1068 0.0394 0.0195 0.0113 0.0073 0.0051 0.0037 0.0028

0.4943 0.0993 0.0376 0.0189 0.0111 0.0072 0.0050 0.0037 0.0028

1.1022 0.2341 0.0914 0.0466 0.0277 0.0181 0.0127 0.0093 0.0071

0.4483 0.0930 0.0360 0.0183 0.0108 0.0070 0.0049 0.0036 0.0027

1.0024 0.2196 0.0857 0.0451 0.0270 0.0177 0.0125 0.0092 0.0070

1.8698 0.4239 0.1727 0.0904 0.0546 0.0362 0.0255 0.0189 0.0145

0.4121 0.0873 0.0343 0.0176 0.0105 0.0069 0.0048 0.0035 0.0027

0.9233 0.2065 0.0835 0.0436 0.0262 0.0173 0.0122 0.0091 0.0069

1.7278 0.3995 0.1651 0.0873 0.0531 0.0354 0.0251 0.0186 0.0143

3.3945 0.8027 0.3377 0.1810 0.1111 0.0745 0.0531 0.0396 0.0306

0.3786 0.0815 0.0324 0.0168 0.0101 0.0067 0.0047 0.0035 0.0027

0.8496 0.1929 0.0790 0.0416 0.0253 0.0168 0.0119 0.0088 0.0068

1.5944 0.3738 0.1564 0.0836 0.0512 0.0343 0.0244 0.0182 0.0141

3.1470 0.8027 0.3208 0.1735 0.1073 0.0723 0.0518 0.0388 0.0300

8.8932 2.1670 0.9367 0.5132 0.3207 0.2180 0.1571 0.1183 0.0920

0.4185 0.0773 0.0281 0.0138 0.0080 0.0051 0.0035 0.0026 0.0019

0.3708 0.0723 0.0270 0.0134 0.0078 0.0050 0.0035 0.0025 0.0019

0.7938 0.1637 0.0628 0.0317 0.0187 0.0121 0.0085 0.0062 0.0047

0.3377 0.0681 0.0259 0.0130 0.0076 0.0050 0.0034 0.0025 0.0019

0.7243 0.1544 0.0604 0.0308 0.0183 0.0119 0.0084 0.0061 0.0047

1.2560 0.2774 0.1109 0.0573 0.0343 0.0226 0.0159 0.0117 0.0090

0.3123 0.0644 0.0249 0.0126 0.0075 0.0049 0.0034 0.0025 0.0019

0.6708 0.1462 0.0581 0.0299 0.0179 0.0117 0.0082 0.0061 0.0046

1.1658 0.2630 0.1067 0.0557 0.0335 0.0222 0.0156 0.0116 0.0089

1.9773 0.4568 0.1885 0.0996 0.0605 0.0402 0.0285 0.0211 0.0163

0.2908 0.0610 0.0239 0.0122 0.0073 0.0048 0.0033 0.0024 0.0019

0.6254 0.1385 0.0557 0.0289 0.0174 0.0115 0.0081 0.0060 0.0046

1.0887 0.2493 0.1024 0.0539 0.0327 0.0217 0.0154 0.0114 0.0088

1.8512 0.4338 0.1811 0.0965 0.0590 0.0394 0.0280 0.0208 0.0161

3.4624 0.8255 0.3496 0.1883 0.1161 0.0780 0.0557 0.0416 0.0322

0.2697 0.0573 0.0227 0.0117 0.0070 0.0046 0.0032 0.0024 0.0018

0.5805 0.1301 0.0529 0.0277 0.0168 0.0111 0.0079 0.0058 0.0045

1.0119 0.2345 0.0973 0.0517 0.0316 0.0211 0.0150 0.0112 0.0086

1.7244 0.4087 0.1724 0.0926 0.0570 0.0383 0.0273 0.0204 0.0158

3.2383 0.7802 0.3336 0.1811 0.1123 0.0759 0.0544 0.0408 0.0316

8.8992 2.1743 0.9422 0.5173 0.3238 0.2204 0.1590 0.1198 0.0933

0.3264 0.0587 0.0211 0.0102 0.0059 0.0038 0.0026 0.0019 0.0014

0.2905 0.0551 0.0203 0.0100 0.0058 0.0037 0.0026 0.0019 0.0014

0.6058 0.1217 0.0460 0.0230 0.0135 0.0087 0.0061 0.0044 0.0034
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Table 3: Continued Table 2.
=15 0=2 =25

=3 =35 =4 =45

=
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0.8563
1.3481
0.2307
0.4828
0.8036
1.2672
2.0440
0.2168
0.4539
0.7563
1.1942
1.9304
3.5031
0.2025
0.4241
0.7072
1.1180
1.8105
3.2972
8.8932
0.2628
0.2349
0.4812
0.2152
0.4414
0.7120
0.2003
0.4111
0.6639
0.9993
0.1882
0.3865
0.6248
0.9415
1.4085
0.1778
0.3654
0.5910
0.8914
1.3354
2.0883
0.1682
0.3457
0.5595
0.8446
1.2667
1.9844
3.5283
0.1579
0.3247
0.5257
0.7942
1.1923
1.8709
3.3369
8.8813

0.3048
0.0473
0.1045
0.1802
0.2910
0.4779
0.0450
0.0995
0.1717
0.2776
0.4565
0.8400
0.0425
0.0939
0.1622
0.2624
0.4323
0.7976
2.1772
0.0462
0.0436
0.0944
0.0414
0.0897
0.1501
0.0395
0.0856
0.1434
0.2214
0.0378
0.0819
0.1373
0.2122
0.3234
0.0362
0.0785
0.1316
0.2035
0.3104
0.4924
0.0346
0.0751
0.1259
0.1948
0.2973
0.4723
0.8495
0.0328
0.0711
0.1194
0.1848
0.2823
0.4490
0.8096
1.1775

0.0196
0.0444
0.0780
0.0189
0.0429
0.0754
0.1237
0.0182
0.0414
0.0728
0.1195
0.1990
0.0175
0.0398
0.0701
0.1151
0.1919
0.3574
0.0167
0.0379
0.0668
0.1099
0.1834
0.3422
0.9453
0.0164
0.0158
0.0352
0.0153
0.0341
0.0582
0.0148
0.0330
0.0564
0.0886
0.0144
0.0320
0.0547
0.0859
0.1327
0.0139
0.0310
0.0530
0.0832
0.1286
0.2064
0.0134
0.0299
0.0511
0.0803
0.1243
0.1996
0.3628
0.0128
0.0286
0.0489
0.0769
0.1190
0.1913
0.3483
0.9468

0.0097
0.0224
0.0399
0.0095
0.0219
0.0389
0.0646
0.0092
0.0213
0.0379
0.0629
0.1058
0.0090
0.0206
0.0368
0.0611
0.1028
0.1932
0.0086
0.0198
0.0353
0.0587
0.0989
0.1863
0.5198
0.0079
0.0077
0.0175
0.0076
0.0171
0.0295
0.0074
0.0167
0.0289
0.0458
0.0072
0.0163
0.0282
0.0448
0.0698
0.0070
0.0159
0.0275
0.0437
0.0681
0.1103
0.0068
0.0155
0.0267
0.0424
0.0662
0.1073
0.1967
0.0066
0.0149
0.0258
0.0409
0.0639
0.1035
0.1900
0.5213

0.0057
0.0132
0.0237
0.0056
0.0130
0.0233
0.0389
0.0055
0.0127
0.0228
0.0381
0.0645
0.0053
0.0124
0.0222
0.0372
0.0631
0.1194
0.0051
0.0120
0.0215
0.0360
0.0611
0.1158
0.3258
0.0045
0.0045
0.0102
0.0044
0.0100
0.0174
0.0043
0.0098
0.0172
0.0274
0.0042
0.0097
0.0168
0.0269
0.0422
0.0053
0.0095
0.0165
0.0264
0.0414
0.0675
0.0041
0.0093
0.0161
0.0258
0.0405
0.0660
0.1218
0.0039
0.0090
0.0156
0.0250
0.0393
0.0640
0.1183
0.3271

0.0037
0.0086
0.0155
0.0036
0.0085
0.0153
0.0257
0.0036
0.0083
0.0150
0.0253
0.0431
0.0035
0.0082
0.0147
0.0248
0.0422
0.0804
0.0034
0.0079
0.0143
0.0241
0.0411
0.0784
0.2220
0.0029
0.0029
0.0066
0.0028
0.0065
0.0114
0.0028
0.0064
0.0112
0.0180
0.0027
0.0063
0.0111
0.0178
0.0280
0.0027
0.0062
0.0109
0.0175
0.0276
0.0451
0.0026
0.0061
0.0107
0.0172
0.0271
0.0443
0.0822
0.0026
0.0059
0.0104
0.0167
0.0264
0.0432
0.0802
0.2231

0.0025
0.0060
0.0109
0.0025
0.0059
0.0107
0.0181
0.0025
0.0058
0.0106
0.0179
0.0306
0.0024
0.0057
0.0104
0.0176
0.0301
0.0576
0.0024
0.0056
0.0102
0.0172
0.0294
0.0563
0.1603
0.0020
0.0020
0.0046
0.0019
0.0045
0.0079
0.0019
0.0045
0.0079
0.0127
0.0019
0.0044
0.0078
0.0125
0.0198
0.0019
0.0044
0.0077
0.0124
0.0196
0.0321
0.0018
0.0043
0.0075
0.0122
0.0192
0.0316
0.0589
0.0018
0.0042
0.0074
0.0119
0.0188
0.0309
0.0576
0.1612

0.0018
0.0044
0.0080
0.0018
0.0043
0.0079
0.0134
0.0018
0.0043
0.0078
0.0133
0.0227
0.0018
0.0042
0.0077
0.0131
0.0224
0.0431
0.0017
0.0041
0.0076
0.0128
0.0220
0.0422
0.1209
0.0014
0.0014
0.0033
0.0014
0.0033
0.0058
0.0014
0.0033
0.0058
0.0093
0.0014
0.0032
0.0057
0.0092
0.0147
0.0014
0.0032
0.0057
0.0091
0.0145
0.0239
0.0014
0.0032
0.0056
0.0090
0.0143
0.0236
0.0441
0.0013
0.0031
0.0055
0.0088
0.0140
0.0232
0.0433
0.1216

0.0014
0.0033
0.0061
0.0014
0.0033
0.0061
0.0103
0.0014
0.0033
0.0060
0.0102
0.0175
0.0014
0.0032
0.0059
0.0101
0.0173
0.0333
0.0013
0.0032
0.0058
0.0099
0.0170
0.0328
0.0942
0.0011
0.0011
0.0025
0.0011
0.0025
0.0044
0.0011
0.0025
0.0044
0.0071
0.0010
0.0025
0.0044
0.0071
0.0113
0.0010
0.0024
0.0043
0.0070
0.0112
0.0185
0.0010
0.0024
0.0043
0.0069
0.0110
0.0182
0.0342
0.0010
0.0024
0.0042
0.0068
0.0109
0.0179
0.0336
0.0948
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where @’ = (1., @2y -+, Qppy) 18 the moment vector with a;., = F(X;.,), 8 =
(ﬁi,jm) 1 < i < 75 < n is the variance-covariance matrix, 1 is n-dimensional column
unit vector, Y = (Yi.1,...,Yn.n)T denotes the column vector of the observed order

statistics from LI(u,o,0) and
A= (aTBa)(1TF11) — (aTB11)2.

Furthermore, the variances and covariances of these BLUEs are given by

2
Var(ﬂBLU) = (aTﬁ_1a> UK =W 027
2
Var(6BLU) = (lT/B_11> UK =W 02;
Cov(fi,, .6 — (aTe 1) v 2
OU(MBLU’UBLU) - « /8 1 A —VE; g .

Mann (1969) points out in the course of a broader treatment that minimum mean
squared error invariant estimators (BLIEs) of 1 and ¢ are obtainable from the BLUEs
[ and & as,

X N Vs . o

HMprr = Hpru — mo.BLU7 Oprr = 1_T_L‘27

respectively, where Vi = LVar(fi,,,), Vo = &Var(6,,,) and V3 = 5Cov(fi,,,,
G 5.u )- Furthermore the variances of these BLIEs are given by (see Arnold et al. (1998),
p. 143)

a2V,
(14 V5)?

V(2 + V)

(1+V2)2> ; Var(6,,,) =

Var(:aBLI) =0’ (Vl -
Gupta (1952) proposed simplified linear estimators of the location and scale parameters
of the normal distribution. The proposed estimators are quite useful when the problems
of non-availability of the variance-covariance matrix or computational difficulties are
exist. For getting quick linear estimators, we replace the variance-covariance matrix
by its identity matrix. Precisely, we just replace 8 by I in (8) and (9), respectively.
The so obtained estimators are LSEs or modified BLUEs of i and ¢. In a consequence
of that, the LSEs of p and o(see Arnold et al. (2008), p.180) can be expressed as

_ n

R o’'al’ — naao’

Hrseg = 7 2 Y = g ¢iYim,
n Zi:l(ai:n - Oé) =

o —al’ ] "
= || Y =D di¥ia,
s L)Y

where & is the average of ., @ =1,...,n. Further, we have
D1 0% 2 2
V&T(ﬂ ) = |: i=1 “un — o° = V4 g-,
Lse nZ?:l (az’:n - O‘)Q

[Z?—l(a; —a)?

Var(&LSE) :| 0'2 =V 0‘27
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~ _ Z?:l (671

OOU(IELLSE?ULSE) = nzn (Oz~ 707)2 0'2:‘/6(72-
i=1\Qien

The coefficients a;’s, b;’s, ¢;’s, d;’s (1 < i < n) are computed and presented in Tables
4-7, respectively. The values of V; — Vg, are presented in Tables 8 and 9. From Tables
8 and 9, we observe that the variances of the BLUEs and LSEs are decreasing with
respect to n.

Table 4: Coefficients for the BLUEs of p.
=05 =1 9=15 =2 =25 =3 =35 =4 =45
16538 1.5909 1.5605 1.5434 1.5328 1.5256 1.5206 1.5169 1.5138
-0.6538 -0.5909 -0.5605 -0.5434 -0.5328 -0.5256 -0.5206 -0.5169 -0.5138

1.4119 1.3735 1.3527 1.3488 1.3444 1.3416 1.3388 1.3364 1.3380
-0.1587 -0.1558 -0.1565 -0.1575 -0.1594 -0.1604 -0.1604 -0.1594 -0.1639
-0.2531 -0.2176 -0.2006 -0.1912 -0.1849 -0.1811 -0.1784 -0.1769 -0.1740

1.2891 1.2637 1.2586 1.2547 1.2518 1.2539 1.2455 1.2500 1.2431
-0.0463 -0.0602 -0.0667 -0.0709 -0.0727 -0.0791 -0.0689 -0.0770 -0.0673
-0.1025 -0.0908 -0.0867 -0.0846 -0.0835 -0.0825 -0.0852 -0.0836 -0.0872
-0.1402 -0.1162 -0.1051 -0.0990 -0.0955 -0.0923 -0.0913 -0.0893 -0.0885

1.2147 1.2080 1.2027 1.2010 1.1785 1.2023 1.1985 1.2081 1.2067
-0.0061 -0.0271 -0.0356 -0.0400 -0.0415 -0.0515 -0.0424 -0.0615 -0.0663
-0.0461 -0.0543 -0.0471 -0.0474 -0.0397 -0.0412 -0.0467 -0.0442 -0.0337
-0.0716 -0.0517 -0.0548 -0.0526 -0.0177 -0.0530 -0.0506 -0.0467 -0.0521
-0.0908 -0.0748 -0.0651 -0.0608 -0.0794 -0.0564 -0.0560 -0.0556 -0.0544

1.1654 1.1643 1.1654 1.1639 1.1608 1.1611 1.1733 1.1445 1.1684
0.0106 -0.0117 -0.0225 -0.0248 -0.0249 -0.0176 -0.0468 -0.0027 -0.0328
-0.0193 -0.0245 -0.0261 -0.0283 -0.0246 -0.0390 -0.0174 -0.0325 -0.0314
-0.0393 -0.0344 -0.0333 -0.0323 -0.0359 -0.0316 -0.0391 -0.0407 -0.0335
-0.0530 -0.0430 -0.0389 -0.0369 -0.0359 -0.0353 -0.0328 -0.0307 -0.0363
-0.0643 -0.0505 -0.0445 -0.0415 -0.0393 -0.0374 -0.0369 -0.0378 -0.0342

1.1304 1.1348 1.1374 1.1432 1.1403 1.1303 1.1503 1.1522 1.1453
0.0183 -0.0026 -0.0111 -0.0241 -0.0179 -0.0006 -0.0469 -0.0583 -0.0239
-0.0052 -0.0145 -0.0184 -0.0142 -0.0209 -0.0351 -0.0002 -0.0090 0.0240
-0.0213 -0.0207 -0.0216 -0.0248 -0.0221 -0.0137 -0.0243 -0.0247 -0.0221
-0.0327 -0.0275 -0.0249 -0.0223 -0.0260 -0.0285 -0.0292 -0.0249 -0.0244
-0.0410 -0.0321 -0.0286 -0.0279 -0.0248 -0.0247 -0.0219 -0.0274 -0.0267
-0.0483 -0.0372 -0.0325 -0.0296 -0.0283 -0.0275 -0.0274 -0.0257 -0.0239

1.1046 1.1150 1.1164 1.1178 1.1342 1.1329 1.1307 1.1257 1.1322
0.0217 -0.0008 -0.0050 -0.0026 -0.0306 -0.0399 -0.0476 -0.0171 -0.0185
0.0028 -0.0073 -0.0128 -0.0218 -0.0143 0.0049 0.0135 -0.0155 -0.0180
-0.0109 -0.0132 -0.0128 -0.0148 -0.0144 -0.0289 -0.0170 -0.0183 -0.0465
-0.0203 -0.0181 -0.0193 -0.0166 -0.0120 -0.0079 -0.0197 -0.0183 0.0101
-0.0273 -0.0218 -0.0194 -0.0184 -0.0219 -0.0227 -0.0229 -0.0180 -0.0197
-0.0328 -0.0251 -0.0221 -0.0205 -0.0199 -0.0173 -0.0159 -0.0202 -0.0193
-0.0377 -0.0285 -0.0247 -0.0228 -0.0209 -0.0213 -0.0209 -0.0182 -0.0201
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Note: For each n (n
Vi= %Va’r(ﬂBLU) Va =

Note: For each n (n
Vi= %Var(ﬂLSE) Vs =

2,...,8), the first, second and the third lines represent
zVa ( pro) and Vs = LCO'U(:&BLU’a'BLU) respectively.
2,...,8), the first, second and the third lines represent
V ( Lsp) and Vg = 7COU(MLSE,JBLU), respectively.
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Table 5: Coefficients for the BLUESs of o.
0=05 0=1 6=15 6=2 =25 =3 =35 0=4 06=45
-0.3461 -0.7272 -1.1363 -1.5651 -2.0084 -2.4618 -2.9231 -3.3898 -3.8610
0.3461 0.7272 1.1363 1.5651 2.0084 2.4618 2.9231 3.3898 3.8610

-0.3195 -0.6808 -1.0763 -1.4960 -1.9350 -2.3852 -2.8441 -3.3104 -3.7884
0.1412 0.3063 0.4928 0.6944 0.9107 1.1322 1.3599 1.5914 1.8372
0.1783 0.3744 0.5835 0.8015 1.0243 1.2530 1.4842 1.7189 1.9511

-0.3037 -0.6542 -1.0429 -1.4596 -1.8940 -2.3489 -2.7927 -3.2739 -3.7304
0.0796 0.1805 0.2998 0.4335 0.5746 0.7301 0.8594 1.0368 1.1693
0.1043 0.2210 0.3489 0.4851 0.6273 0.7749 0.9328 1.0815 1.2475
0.1197 0.2525 0.3941 0.5409 0.6920 0.8438 1.0004 1.1558 1.3135

-0.2929 -0.6450 -1.0282 -1.4383 -1.6458 -2.3308 -2.7692 -3.2759 -3.7619
0.0510 0.1242 0.2177 0.3121 0.3722 0.5525 0.6326 0.8070 0.9682
0.0702 0.1746 0.2448 0.3441 0.3938 0.5425 0.6733 0.7825 0.8524
0.0817 0.1516 0.2681 0.3731 0.1832 0.5982 0.7064 0.8105 0.9500
0.0899 0.1944 0.2975 0.4088 0.7059 0.6376 0.7568 0.8757 0.9912

-0.2851 -0.6239 -1.0077 -1.4202 -1.8462 -2.3081 -2.7716 -3.1720 -3.7179
0.0351 0.0897 0.1619 0.2413 0.3175 0.4121 0.5380 0.5298 0.7238
0.0507 0.1118 0.1819 0.2615 0.3417 0.4467 0.4873 0.6122 0.6941
0.0605 0.1283 0.2033 0.2831 0.3746 0.4560 0.5721 0.6686 0.7406
0.0668 0.1412 0.2211 0.3051 0.3920 0.4818 0.5676 0.6566 0.7678
0.0718 0.1528 0.2392 0.3291 0.4202 0.5113 0.6064 0.7044 0.7914

-0.2790 -0.6141 -0.9942 -1.4125 -1.8399 -2.2755 -2.7842 -3.2689 -3.7328
0.0251 0.0687 0.1254 0.2025 0.2572 0.3002 0.4980 0.6370 0.6109
0.0384 0.0871 0.1463 0.2063 0.2894 0.3970 0.3714 0.4053 0.6178
0.468 0.1003 0.1611 0.2300 0.2961 0.3472 0.4563 0.5289 0.5708
0.0524 0.1110 0.1741 0.2402 0.3167 0.3984 0.4759 0.5459 0.6292
0.0563 0.1193 0.1870 0.2586 0.3290 0.4035 0.4735 0.5669 0.6461
0.0597 0.1275 0.2001 0.2748 0.3513 0.4289 0.5089 0.5846 0.6578

-0.2741 -0.6074 -0.9827 -1.3913 -1.8510 -2.3041 -2.7366 -3.2196 -3.7075
0.0184 0.0561 0.1001 0.1465 0.2424 0.3439 0.3972 0.4381 0.4793
0.0299 0.0698 0.1207 0.1868 0.2482 0.2534 0.3172 0.3978 0.5112
0.0375 0.0810 0.1308 0.1874 0.2403 0.3412 0.3546 0.4700 0.6457
0.0424 0.0904 0.1446 0.1999 0.2540 0.3002 0.4101 0.4686 0.3906
0.0459 0.0972 0.1523 0.2105 0.2790 0.3497 0.4079 0.4604 0.5547
0.0486 0.1033 0.1621 0.2234 0.2857 0.3451 0.4115 0.4854 0.5527
0.0510 0.1093 0.1718 0.2366 0.3010 0.3703 0.4378 0.4990 0.5731
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It should be mentioned here that based on the linear estimators, we can construct
confidence intervals (CIs) for the location and scale parameters. For example, based on
the BLUESs of i and o, we can construct the Cls for p and o through pivotal quantities
given by

Rlzw RQZM
~ ) ~ M
OproVV1 opruvVa

Constructing such CIs requires the (1 — «)100th percentiles (0 < o < 1) of Ry and
Ry which can be calculated by using the BLUEs fi,,, and 6,,, via Monte Carlo
simulation method. The simulated percentiles of R; and Ry based on 10000 runs are
obtained for different choices of n and 6 and presented in Tables 10 and 11. Therefore,
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Table 6: Coefficients for the LSEs of p.
=05 =1 =15 =2 =25 =3 =35 =4 =45
1.6538 1.5909 1.5605 1.5434 1.5328 1.5256 1.5206 1.5169 1.5138
-0.6538 -0.5909 -0.5605 -0.5434 -0.5328 -0.5256 -0.5206 -0.5169 -0.5138

1.0213 0.9761 0.9532 0.9399 0.9315 0.9259 0.9217 0.9187 0.9165
0.4624 0.4653 0.4679 0.4698 0.4710 0.4720 0.4727 0.4732 0.4735
-0.4838 -0.4415 -0.4211 -0.4097 -0.4026 -0.3980 -0.3944 -0.3920 -0.3901

0.7344 0.6988 0.6806 0.6699 0.6631 0.6585 0.6553 0.6527 0.6510
0.4886 0.4801 0.4760 0.4737 0.4722 0.4711 0.4704 0.4699 0.4694
0.1700 0.1818 0.1887 0.1931 0.1960 0.1981 0.1995 0.2007 0.2015
-0.3932 -0.3608 -0.3454 -0.3368 -0.3314 -0.3278 -0.3253 -0.3234 -0.3221

0.5719 0.5425 0.5273 0.5184 0.5822 0.5088 0.5061 0.5041 0.5025
0.4339 0.4222 0.4162 0.4126 0.4717 0.4087 0.4075 0.4066 0.4060
0.2732 0.2747 0.2760 0.2769 0.3285 0.2780 0.2782 0.2786 0.2787
0.0565 0.0695 0.0769 0.0816 0.1206 0.0868 0.0884 0.0896 0.0905
-0.3356 -0.3091 -0.2966 -0.2896 -0.5032 -0.2824 -0.2804 -0.2790 -0.2778

0.4677 0.4425 0.4296 0.4219 0.4171 0.4137 0.4114 0.4097 0.4083
0.3792 0.3668 0.3602 0.3563 0.3537 0.3519 0.3506 0.3497 0.3490
0.2818 0.2879 0.2776 0.2768 0.2763 0.2760 0.2758 0.2755 0.2754
0.1642 0.1692 0.1724 0.1745 0.1758 0.1768 0.1775 0.1780 0.1785
0.0022 0.0150 0.0220 0.0265 0.0294 0.0314 0.0329 0.0340 0.0349
-0.2952 -0.2726 -0.2620 -0.2561 -0.2525 -0.2500 -0.2484 -0.2471 -0.2462

0.3953 0.3733 0.3619 0.3553 0.3510 0.3481 0.3460 0.3445 0.3434
0.3336 0.3213 0.3147 0.3108 0.3082 0.3064 0.3051 0.3041 0.3033
0.2680 0.2630 0.2604 0.2588 0.2578 0.2570 0.2565 0.2561 0.2558
0.1934 0.1944 0.1952 0.1958 0.1961 0.1964 0.1966 0.1967 01968
0.1014 0.1079 0.1117 0.1142 0.1158 0.1170 0.1178 0.1185 0.1190
-0.0269 -0.0148 -0.0082 -0.0041 -0.0014 0.0005 0.0019 0.0029 0.0037
-0.2649 -0.2452 -0.2360 -0.2309 -0.2277 -0.2256 -0.2242 -0.2231 -0.2223

0.3421 0.3226 0.3125 0.3066 0.3028 0.3002 0.2984 0.2970 0.2960
0.2966 0.2847 0.2783 0.2745 0.2719 0.2702 0.2690 0.2680 0.2673
0.2492 0.2432 0.2399 0.2380 0.2366 0.2357 0.2350 0.2345 0.2341
0.1974 0.1961 0.1955 0.1952 0.1950 0.1949 0.1947 0.1947 0.1946
0.1372 0.1401 0.1420 0.1432 0.1440 0.1446 0.1450 0.1453 0.1456
0.0621 0.0691 0.0731 0.0757 0.0774 0.0787 0.0796 0.0803 0.0808
-0.0436 -0.0322 -0.0261 -0.0224 -0.0199 -0.0181 -0.0168 -0.0158 -0.0151
-0.2413 -0.2236 -0.2154 -0.2109 -0.2082 -0.2063 -0.2050 -0.2041 -0.2034
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a 100(1 — )% CI for p through the pivotal quantity R, is found to be

(IEI’BLU - &BLU \/?1 Rl(l - 04/2), ﬂBLU - OA-BLU \/Vl Rl(a/2)) ) (10)

where Rj(7) is the v100th simulated percentile of R;. Similarly, a 100(1 — a)% CI for
o is given by

< &BLU a—BLU ) (11)
1+\/V2R2(1—a/2)’ 1+\/V2R2(Ck/2) ’

where Ry(7y) is the v100th simulated percentile of Ry. Based on the BLIEs, we can
again construct Cls for the location and scale parameters through pivotal quantities
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Table 7: Coefficients for the LSEs of o.
0=05 0=1 6=15 6=2 =25 =3 =35 0=4 06=45
-0.3461 -0.7272 -1.1363 -1.5651 -2.0084 -2.4618 -2.9231 -3.3898 -3.8610
0.3461 0.7272 1.1363 1.5651 2.0084 2.4618 2.9231 3.3898 3.8610

-0.2064 -0.4258 -0.6642 -0.9099 -1.1632 -1.4224 -1.8651 -1.9519 -2.2209
-0.0387 -0.0880 -0.1442 -0.2047 -0.2678 -0.3329 -0.3992 -0.4665 -0.5341
0.2451 0.5165 0.8084 1.1147 1.4311 1.7553 2.0843 2.4184 2.7550

-0.1453 -0.2992 -0.4614 -0.6300 -0.8034 -0.9805 -1.1608 -1.3426 -1.5272
-0.0716 -0.1543 -0.2422 -0.3356 -0.4321 -0.5308 -0.6314 -0.7332 -0.8358
0.0239 0.0454 0.0656 0.0853 0.1048 0.1244 0.1444 0.1641 0.1843
0.1929 0.4072 0.6380 0.8802 1.1306 1.3870 1.6478 1.9118 2.1787

-0.1115 -0.2283 -0.3507 -0.4777 -0.5936 -0.7413 -0.8768 -1.0138 -1.1522
-0.0701 -0.1481 -0.2317 -0.3189 -0.3991 -0.5009 -0.5945 -0.6890 -0.7846
-0.0219 -0.0498 -0.0815 -0.1154 -0.1471 -0.1872 -0.2241 -0.2620 -0.3000
0.0430 0.0869 0.1318 0.1775 0.2187 0.2715 0.3194 0.3679 0.4169
0.1607 0.3394 0.5321 0.7345 1.3166 1.1580 1.3760 1.5969 1.8199

-0.0903 -0.1839 -0.2817 -0.3829 -0.4869 -0.5930 -0.7009 -0.8102 -0.9202
-0.0637 -0.1334 -0.2074 -0.2844 -0.3638 -0.4447 -0.5269 -0.6103 -0.6944
-0.0345 -0.0748 -0.1189 -0.1653 -0.2133 -0.2625 -0.3125 -0.3631 -0.4142
0.0007 -0.0017 -0.0062 -0.0117 -0.0179 -0.0244 -0.0312 -0.0379 -0.0451
0.0493 0.1011 0.1549 0.2102 0.2668 0.3244 0.3828 0.4420 0.5014
0.1385 0.2928 0.4593 0.6343 0.8151 1.0003 1.1887 1.3796 1.5726

-0.0757 -0.1536 -0.2347 -0.3187 -0.4048 -0.4927 -0.5820 -0.6724 -0.7637
-0.0572 -0.1189 -0.1841 -0.2519 -0.3215 -0.3926 -0.4647 -0.5378 -0.6113
-0.0375 -0.0801 -0.1259 -0.1740 -0.2235 -0.2742 -0.3257 -0.3777 -0.4304
-0.0151 -0.0343 -0.0561 -0.0794 -0.1037 -0.1286 -0.1540 -0.1797 -0.2058
0.0124 0.0232 0.0333 0.0429 0.0524 0.0619 0.0715 0.0811 0.0907
0.0509 0.1051 0.1618 0.2205 0.2805 0.3416 0.4036 0.4663 0.5296
0.1223 0.2587 0.4059 0.5606 0.7206 0.8846 1.0513 1.2202 1.3909

-0.0651 -0.1317 -0.2009 -0.2724 -0.3458 -0.4206 -0.4967 -0.5736 -0.6512
-0.0514 -0.1064 -0.1643 -0.2242 -0.2858 -0.3486 -0.4124 -0.4770 -0.5423
-0.0372 -0.0788 -0.1232 -0.1695 -0.2171 -0.2657 -0.3151 -0.3652 -0.4156
-0.0217 -0.0474 -0.0756 -0.1054 -0.1362 -0.1677 -0.1999 -0.2324 -0.2651
-0.0036 -0.0101 -0.0182 -0.0273 -0.0370 -0.0471 -0.0573 -0.0677 -0.0784
0.0188 0.0372 0.0555 0.0738 0.0923 0.1111 0.1299 0.1490 0.1682
0.0505 0.1048 0.1619 0.2211 0.2817 0.3435 0.4062 0.4696 0.5336
0.1098 0.2324 0.3648 0.5040 0.6479 0.7954 0.9454 1.0975 1.2510

WO NITITIJJ1 OO UIUTUTUTUL bl Www B
OO TTHEWN R JOUERWNR OOEREWNR ORWNF RN~ W~ N R

given by

R3 _ ﬂBLI — M R4 — Oprr — 0

T / VZ(24Va) | RN
Oprr ‘/1 - 513»‘2)3) O'1+‘}2
Tables 12 and 13 presents the percentage points of Rs and R4 based on 10000 runs

and different choices of n and 0. With the BLIEs and the use of Tables 12 and 13, we
can determine a 100(1 — a)% CI for p through the pivotal quantity R3 as

. . V(2 + Vs
P(MBLI _O-BLI\/‘/l - MRB(I _a/2) < 17

(1 + V2)2
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Table 8: Variances and covariances of the BLUEs of y and o in terms of o2.
n =05 =1 =15 =2 =25 =3 =35 =4 =45
2 57765 1.1539 0.4428 0.2249 0.1334 0.0873 0.0612 0.0451 0.0345
0.8106 0.8512 0.8823 0.9054 0.9233 0.9357 0.9458 0.9537 0.9600
-1.6509 -0.7314 -0.4537 -0.3247 -0.2513 -0.2039 -0.1713 -0.1474 -0.1293

3 2.1909 0.4205 0.1573 0.0787 0.0460 0.0299 0.0208 0.0152 0.0116
0.3943 0.4176 0.4354 0.4487 0.4580 0.4654 0.4707 0.04751 0.4788
-0.6082 -0.2590 -0.1574 -0.1114 -0.0854 -0.0690 -0.0577 -0.0496 -0.0434

4 1.2038 0.2234 0.0820 0.0404 0.0235 0.0152 0.0106 0.0077 0.0059
0.2580 0.2750 0.2879 0.2973 0.3041 0.3093 0.3133 0.3168 0.3187
-0.3275 -0.1351 -0.0808 -0.0566 -0.0432 -0.0348 -0.0292 -0.0251 -0.0218

5 0.7775 0.1407 0.0506 0.0248 0.0139 0.0092 0.0064 0.0046 0.0035
0.1908 0.2075 0.2146 0.2222 0.1995 0.2314 0.2350 0.2369 0.2384
-0.2083 -0.848 -0.0494 -0.0344 -0.0230 -0.0210 -0.0177 -0.0150 -0.0131

6 0.5503 0.0968 0.0345 0.0168 0.0097 0.0061 0.0042 0.0031 0.0022
0.1510 0.1625 0.1710 0.1773 0.1818 0.1848 0.1875 0.1900 0.1906
-0.1457 -0.0571 -0.0334 -0.0232 -0.0176 -0.0140 -0.0117 -0.0102 -0.0086

7 0.4133 0.0711 0.0251 0.0120 0.0069 0.0044 0.0030 0.0022 0.0016
0.1247 0.1347 0.1421 0.1473 0.1512 0.1540 0.1562 0.1581 0.1585
-0.1083 -0.0416 -0.0242 -0.0166 -0.0126 -0.0101 -0.0084 -0.0073 -0.0061

8 0.3234 0.0546 0.0191 0.0091 0.0051 0.0033 0.0023 0.0016 0.0012
0.1061 0.1149 0.1215 0.1261 0.1292 0.1320 0.1340 0.1346 0.1365
-0.0841 -0.0317 -0.0183 -0.0125 -0.0094 -0.0076 -0.0064 -0.0052 -0.0048

Table 9: Variances and covariances of the LSEs of u and o in terms of o2.
n =05 =1 =15 =2 =25 6=3 =35 =4 =45
2 31627 2.8301 2.7496 2.6775 2.6335 2.6037 2.5832 2.5683 2.5559

0.2396 1.0578 2.5826 4.8996 8.0676 12.1213 17.0892 22.9819 29.8147

-0.7988 -1.5867 -2.4103 -3.2663 -4.1487 -5.0497 -5.9667 -6.8945 -7.8293

3 14911 1.3643 1.3050 1.2721 1.2517 1.2386 1.2286 1.2218 1.2165
0.1042 0.4582 1.1155 2.1125 3.4730 5.2155 7.3436 9.8765 12.8082
-0.3473 -0.6873 -1.0411 -1.4083 -1.7859 -2.1729 -2.5641 -2.9623 -3.3634

4 09619 0.8822 0.8449 0.8240 0.8111 0.8023 0.7964 0.7918 0.7886
0.0640 0.2810 0.6829 1.2917 2.1216 3.1827 4.4822 6.0223 7.8118
-0.2135 -0.4214 -0.6374 -0.8610 -1.0911 -1.3259 -1.5651 -1.8064 -2.0513

5 0.7060 0.6485 0.6215 0.6063 0.6730 0.5906 0.5862 0.5830 0.5804
0.0455 0.1993 0.4839 0.9144 1.4648 2.2504 3.1681 4.2569 5.5193
-0.1518 -0.2990 -0.4516 -0.6096 -0.8324 -0.9375 -1.1061 -1.2769 -1.4491

6 0.5561 0.5114 0.4903 0.4784 0.4710 0.4660 0.4626 0.4600 0.4581
0.0350 0.1532 0.3716 0.7016 1.1511 1.7250 2.4273 3.2612 4.2273
-0.1168 -0.2298 -0.3468 -0.4677 -0.5919 -0.7186 -0.8475 -0.9782 -1.1100

7 0.4580 0.4216 0.4043 0.3946 0.3885 0.3844 0.3815 0.3794 0.3778
0.0283 0.1238 0.3001 0.5664 0.9289 1.3918 1.9580 2.6294 3.4082
-0.0945 -0.1858 -0.2801 -0.3776 -0.4777 -0.5798 -0.6836 -0.7886 -0.8949

8 0.3890 0.3582 0.3436 0.3354 0.3302 0.3267 0.3243 0.3225 0.3211
0.0237 0.1036 0.2510 0.4734 0.7761 1.1625 1.6352 2.1960 2.8456
-0.0792 -0.1555 -0.2342 -0.3156 -0.3991 -0.4843 -0.5709 -0.6586 -0.7471
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X ) V(2 + Va) _
Sfprr —0pr; \/Vl - (314_‘/2)2]%3(04/2)) =1-aq (12)

Similarly, we can determine a 100(1 — «)% CI for o, through the pivotal quantity R4
as

o o
P BLI <o< BLI =1-a. (13)
(1 + 2% Ry(1 - o/2) 1+ % R4<a/2>>

4 Linear predictors

The prediction problems do arise naturally in many real-life applications of ordered
data.

Let Y1., Y2, - - -, Yy be the first r observed order statistics from LI(u, o, 6) with
pdf given(6). Our aim here is to predict the future kth order statistics, Y., based on
the first r order statistics, where r < k < n. This type of prediction is called one-
sample prediction problem which is based on Type-II censoring sample. For further
studies, see for example, Raqab (1997) and Kaminsky and Nelson (1998). Suppose a
machine consists of n components and fails whenever k of these components fail. Our
observations only consist of the first r failure times, and the aim is to predict the failure
time of that machine. In location-scale families of distributions, the most well-known
predictor is the best linear unbiased predictor (BLUP). Its respective explicit form is

)A/BLUP = )A/k:n = :ELBLU + &BLU O + wTﬁil(Y - laBLU]‘ - GBLUa)7

where
wT = (COU(lem Yk::n)7 s aOOU(K':’m Yk:n)) .

The best linear invariant predictor (BLIP) of Y can be obtained based on the BLUP
of Y as follows:
Vorir = Vorve — ()6
BLIP = YBLUP 111, ) Oero

where YBLUP is the BLUP of Yy.,, and

Vi=(1-w'B ')V + (ahn — B L)V

5 Illustrative examples and comparisons

5.1 Illustrative examples

In this section, based on two data sets we explain how the different estimators proposed
here work in practice. Further, a Monte Carlo simulation is performed to evaluate the
efficiencies of the linear estimators developed in the previous sections.

Example 1 (simulated data): For given values of § = 0.5, 4 = 0 and 0 = 1, we
have generated n = 8 order statistics values from the LI distribution as follows:

0.5851, 0.7607, 0.9755, 2.9328, 3.2378, 3.8766, 6.1355, 6.4767.
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Table 10: Simulated percentage points of R; and Rs.
Ry Ry
0 n 25% 5% 9%5%  97.5% 2.5% 5% 95% 97.5%
0.5 2 -0.7529 -0.7333 13.0622 27.7782  -1.0749 -1.0395 1.9811 2.6091
3 -0.8822 -0.8506 5.0296 7.9833 -1.3543 -1.2529 1.9045 2.4410
4 -0.9413 -0.9036 3.6679 5.4652 -1.4825 -1.3391 1.8683 2.3416
5 -0.9761 -0.9345 3.2057 4.5485 -1.5531 -1.3851 1.8310 2.2882
6 -0.9975 -0.9540 2.9480 4.1477 -1.6154 -1.4307 1.8152 2.2707
7 -1.0124 -0.9674 2.7241 3.7862 -1.6304 -1.4389 1.8061 2.2348
8 -1.0244 -0.9759 2.6579 3.6683 -1.6786 -1.4656 1.7797 2.2045
1 2 -0.7338 -0.7117 13.0521 27.4121  -1.0523 -1.0209 19862 2.6890
3 -0.8451 -0.8202 4.9017 8.0291 -1.3317 -1.2312 1.8900 2.4212
4 -0.8947 -0.8667 3.5695 5.4201 -1.4552 -1.3221 1.8930 2.4070
5 -0.9199 -0.8905 3.1622 4.5983 -1.5262 -1.3653 1.8300 2.3112
6 -0.9401 -0.9086 2.88572 4.0713 -1.5722 -1.3992 1.8262 2.3020
7 -0.9495 -0.9181 2.7132 3.8052 -1.6182 -1.4301 1.8072 2.2370
8 -0.9581 -0.9257 2.5990 3.6222 -1.6571 -1.4545 1.8001 2.2520
1.5 2 -0.7213 -0.7011 12.6521 26.9102  -1.0340 -1.0032 1.9941 2.6290
3 -0.8289 -0.8053 4.8680 7.7731 -1.3112 -1.2170 1.9192 2.4703
4 -0.8747 -0.8502 3.5642 5.3482 -1.4420 -1.3080 1.8862 2.3740
5 -0.9017 -0.8765 3.1260 4.4855 -1.5160 -1.3611 1.8440 2.3170
6 -0.9183 -0.8925 2.8710 4.1032 -1.5777 -1.4050 1.8342 2.3027
7 -0.9276 -0.9011 2.6501 3.7333 -1.5960 -1.4142 1.8260 2.2641
8 -0.9357 -0.9085 2.5992 3.6333 -1.6380 -1.4432 1.8032 2.2370
2 2 -0.7119 -0.6919 12.8801 26.9822  -1.0220 -0.9926 1.9911 2.6450
3 -0.8183 -0.7952 4.8430 7.9672 -1.2970 -1.2062 1.9040 2.4463
4 -0.8660 -0.8412 3.5410 5.4132 -1.4240 -1.3002 1.9102 2.4280
5 -0.8904 -0.8659 3.1311 4.5712 -1.5112 -1.3530 1.8522 2.3470
6 -0.9080 -0.8831 2.8180 4.0512 -1.5460 -1.3802 1.8403 2.3175
7 -0.9212 -0.8954 2.6970 3.8011 -1.5953 -1.4143 1.8162 2.2588
8 -0.9294 -0.9045 2.5798 3.6217 -1.6332 -1.4382 1.8142 2.2667
2.5 2 -0.7074 -0.6881 12.5632 26.7376  -1.0122 -0.9832 1.9985 2.6409
3 -0.8140 -0.7913 4.8697 7.7863 -1.2864 -1.1977 1.9296 2.4927
4 -0.8608 -0.8372 3.5475 5.3458 -1.4195 -1.2912 1.8951 2.3942
5 -0.9036 -0.8799 3.1731 4.5571 -1.6001 -1.4466 1.0328 2.5697
6 -0.9003 -0.8756 2.8538 4.0847 -1.5568 -1.3918 1.8420 2.3188
7 -0.9177 -0.8931 2.6456 3.7506 -1.5775 -1.4024 1.8349 2.2775
8 -0.9368 -0.9106 2.6222 3.6834 -1.6198 -1.4323 1.8141 2.2537
3 2 -0.7040 -0.6840 12.6673 26.6613  -1.0068 -0.9788 2.0105 2.6882
3 -0.8105 -0.7883 4.9053 7.8884 -1.2787 -1.1934 1.9569 2.5301
4 -0.8572 -0.8331 3.6425 5.4890 -1.4151 -1.2930 1.8766 2.4121
5 -0.8840 -0.8609 3.1161 4.5712 -1.4915 -1.3502 1.8757 2.3470
6 -0.9079 -0.8831 2.8760 4.0701 -1.5411 -1.3769 1.8646 2.3457
7 -0.9186 -0.8934 2.7342 3.8654 -1.5807 -1.4040 1.8321 2.2883
8 -0.9511 -0.9247 2.5189 3.5472 -1.6131 -1.4242 1.8132 2.2649
3.5 2 -0.7004 -0.6812 12.8191 26.8717  -1.0011 -0.9731 1.9909 2.6683
3 -0.8083 -0.7858 4.8524 7.9472 -1.2723 -1.1870 1.9102 2.4697
4 -0.8531 -0.8290 3.5312 5.4037 -1.4018 -1.2814 1.9182 2.4395
5 -0.8805 -0.8566 3.1358 4.5878 -1.4880 -1.3363 1.8608 2.3656
6 -0.9074 -0.8828 2.8465 4.1008 -1.5283 -1.3653 1.8496 2.3350
7 -0.9219 -0.8946 2.7068 3.8373 -1.5755 -1.3994 1.8205 2.2703
8 -0.9873 -0.9607 2.4228 3.4386 -1.6138 -1.4229 1.8161 2.2753
4 2 -0.6995 -0.6808 12.5228 26.6943  -0.9965 -0.9691 1.9993 2.6512
3 -0.8080 -0.7857 4.8770 7.8158 -1.2688 -1.1828 1.9314 2.5056
4 -0.8542 -0.8308 3.5510 5.3525 -1.4003 -1.2771 1.8998 1.4057
5 -0.8868 -0.8634 3.1263 4.5186 -1.4779 -1.3341 1.8587 2.3475
6 -0.9029 -0.8767 2.8652 4.1201 -1.5386 -1.3799 1.8454 2.3331
7 -0.9612 -0.9353 2.5501 3.6465 -1.5623 -1.3919 1.8402 2.2924
8 -0.9418 -0.9167 2.6524 3.7283 -1.6072 -1.4239 1.8251 2.2658




Linear inference for order statistics of Lindley distribution

150

Table 11: Continued.

Ry Ry
0 n 25% 5% 9%5%  97.5% 2.5% 5% 95% 97.5%
4.5 2 -0.6983 -0.6786 12.6577 26.6347  -0.9944 -0.9674 2.0095 2.6981
3 -0.8069 -0.7850 4.9213 7.9226 -1.2642 -1.1819 1.9631 2.5403
4 -0.8507 -0.8265 3.6408 5.4906 -1.4017 -1.2820 1.8815 2.4193
5 -0.8853 -0.8612 3.1329 4.6077 -1.4790 -1.3420 1.8801 2.3585
6 -0.9317 -0.9068 2.9570 4.2005 -1.5304 -1.3691 1.8716 2.3574
7 -0.9791 -0.9547 2.7484 3.9100 -1.5714 -1.3978 1.8414 2.3028
8 -1.0702 -1.0381 2.4479 3.4968 -1.5994 -1.4167 1.8186 2.2733
Table 12: Simulated percentage points of Rs and Ry.
Rg R4

0 n 25% 5% 95% 97.5% 2.5% 5%  95% 97.5%

0.5 2 -0.7356 -0.6850 26.53 55.71 -1.975 -1.942 1.076 1.705

3 -0.8554 -0.8140 7.350 11.99 -1.981 -1.883 1.262 1.829

4 -0.9126 -0.8598 4.947 6.920 -1.995 -1.835 1.303 1.774

5 -0.9375 -0.8919 4.074 5.655 -1.986 -1.823 1.394 1.844

6 -0.9655 -0.9127 3.708 5.094 -1.981 -1.812 1.425 1.889

7 -0.5295 -0.4553 1.271 1.580 -0.3792 -0.0172 6.880 7.918

8 -1.000 -0.9486 2.966 3.984 -1.986 -1.776 1.487 1.884

1 2 -0.7308 -0.6910 27.68 57.04 -1.976 -1.946 1.072 1.815

3 -0.8364 -0.8020 7.646 11.75 -1.976 -1.874 1.302 1.822

4 -0.8777 -0.8388 4.956 7.537 -1.982 -1.850 1.319 1.832

5 -0.8965 -0.8521 4.3547 6.2412 -1.993 -1.840 1.398 1.833

6 -0.9213 -0.8799 3.650 5.098 -2.008 -1.834 1.421 1.834

7 -0.9344 -0.8941 3.263 4.525 -1.982 -1.790 1.441 1.867

8 -0.9443 -0.9058 2.982 4.213 -1.999 -1.803 1.456 1.862

1.5 2 -0..7230 -0.6786 24.63 54.40 -1.973 -1.944 1.073 1.726

3 -0.8282 -0.7908 7.668 12.30 -1.969 -1.884 1.312 1.885

4 -0..8648 -0.8319 5.078 7.352 -1.980 -1.839 1.353 1.870

5 -0.8881 -0.8566 3.901 5.595 -1.964 -1.817 1.444 1.899

6 -0.9022 -0.8701 3.611 5.033 -1.984 -1.817 1.420 1.871

7 -0.9152 -0.8846 3.285 4.575 -1.999 -1.824 1.398 1.862

8 -0.9236 -0.8901 2.985 4.124 -1.975 -1.785 1.466 1.884

2 2 -0.7232 -0.6835 26.53 53.81 -1.972 -1.939 1.087 1.713

3 -0.8190 -0.7853 8.000 12.76 -1.980 -1.885 1.218 1.715

4 -0.8617 -0.8321 5.046 7.593 -1.971 -1.846 1.319 1.836

5 -0.8783 -0.8444 4.089 5.943 -1.990 -1.831 1.324 1.794

6 -0.8990 -0.8712 3.470 5.129 -1.984 -1.810 1.411 1.890

7 -0.9135 -0.8852 3.323 4.844 -1.998 -1.820 1.433 1.899

8 -0.9211 -0.8939 3.030 4.179 -2.000 -1.792 1.472 1.952

2.5 2 -0.7215 -06825 25.97 53.41 -1.973 -1.944 1.006 1.673

3 -0.8245 -0.7941 7.732 11.65 -1.950 -1.865 1.294 1.899

4 -0.8623 -0.8334 5.209 7.614 -1.967 -1.844 1.367 1.860

5 -0.9036 -0.8746 4.112 5.967 -2.063 -1.898 1.631 2.224

6 -0.8982 -0.8693 3.545 4.918 -1.968 -1.806 1.401 1.869

7 -0.9129 -0.8791 3.280 4.588 -1.997 -1.827 1.436 1.877

8 -0.9308 -0.9029 3.100 4.327 -1.964 -1.791 1.444 1.906

3 2 -0.7201 -0.6822 26.55 55.86 -1.973 -1.945 1.004 1.666

3 -0..8204 -0.7865 7.689 11.68 -1.969 -1.884 1.250 1.758

4 -0.8582 -0.8220 4.876 7.410 -1.974 -1.853 1.302 1.812

5 -0.8802 -0.8546 4.240 5.843 -1.985 -1.833 1.410 1.868

6 -0.9058 -0.8749 3.552 5.042 -1.975 -1.812 1.416 1.863

7 -0.9184 -0.8898 3.309 4.700 -1.983 -1.796 1.440 1.874

8 -0.9269 -0.8948 3.183 4.347 -1.985 -1.792 1.463 1.921
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Table 13: Continued.

Rs Ry
0 n 25% 5%  95% 97.5% 25% 5% 95% 97.5%
3.5 2 -0.7210 -0.6834 25.95 54.38 -1.972 -1.942 .9838 1.615
3 -0.8199 -0.7844 7.919 12.35 -1.957 -1.877 1.305 1.888
4 -0.8560 -0.8272 5.098 7.282 -1.969 -1.852 1.292 1.798
5 -0.8759 -0.8489 4.036 5.685 -1.948 -1.804 1.362 1.842
6 -0.9080 -0.8800 3.699 5.229  -1.962 -1.799 1.441 1.941
7 -0.9213 -0.8920 3.318 4.644  -1.975 -1.7987 1.436 1.875
8 -0.9260 -0.8933 3.075 4.444  -1.965 -1.771 1.479 1.888
4 2 -0.7210 -0.6834 24.34 49.89 -1.970 -1.943 .9974 1.736
3 -0.4809 -0.4559 5.713 9.184  -4.238 -3.963 5.964 7.576
4 -0.8586 -0.8278 5.498 7.802 -1.968 -1.849 1.340 1.878
5 -0.8802 -0.8401 1.627 1.881 -1.587 -1.396 2.679 3.248
6 -0.9022 -0.8682 3.650 5.079  -1.968 -1.801 1.434 1.905
7 -0.9663 -0.9374 3.184 4.445 -1.952 -1.794 1.443 1.907
8 -0.9466 -0.9164 3.108 4.322 -1.964 -1.783 1.469 1.928
4.5 2 -0.7216 -0.6845 26.82 56.91 -1.970 -1.944 .9675 1.736
3 -0.8230 -0.7895 7.968 13.15 -1.962 -1.872 1.221 1.787
4 -0.8584 -0.8289 5.240 7.554  -1.961 -1.836 1.396 1.899
5 -0.8915 -0.8622 4.108 6.258  -1.972 -1.835 1.378 1.886
6 -0.9382 -0.9076 3.851 5.511 -1.961 -1.799 1.4417 1.909
7 -0.8280 -0.7795 3.834 5.145 -1.994 -1.814 1.442 1.942
8 -0.7837 -0.7552 2.763 3.826  -2.146 -2.376 2.337 2.651
For this data, we obtain the MLEs of ;1 and o as
favre = 0.1614, omre = 0.8877.

Based on these data and from Tables 4 and 5, we have determined the BLUEs of pu

and o to be

fipry = @1 Y1 + a2Yo +a3Ys., + asYym + asYsn + aeYe:n + a7Y7 + ag¥sm
— (1.1046 x 0.5851) + (0.0217 x 0.7607) + (0.0028 x 0.9755)
—(0.0109 x 2.9328) — (0.0203 x 3.2378) — (0.0273 x 3.8766)

—(0.0328 x 6.1355) — (0.0377 x 6.4767) = 0.0166,

&BLU = bIYI:n + b2Y2:n + b3Y3:n + b4Y4:n + b5Y5:n + bGYYG:'rL + b7Y7:n + bSY&n
= (—0.2741 x 0.5851) + (0.0184 x 0.7607) + (0.0299 x 0.9755)
+(0.0375 x 2.9328) + (0.0424 x 3.2378) + (0.0459 x 3.8766)

+(0.0486 x 6.1355) + (0.0510 x 6.4767) = 0.9364.

The corresponding variances and covariances of fi,,, and &

puted to be

Var(iiy,,) = 0.32340%, Var(e

The BLIEs and the corresponding variances are

fi,,, = 00878, &, =0.8466,

BLU)

=0.106102,

Var(fi,,,) = 0.3176,

BLU

(see Table 8) are com-

Cov(fiyyysGpy) = —0.084102.

Var(s,,,) = 0.0867.
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From Tables 6 and 7, we then derive the LSEs of i and o as

brsp = €1Yin +c2Yon +c3Ysm + caYan + c5Ysn + c6Y6m + cr¥7in + c8Ysm
= (0.3421 x 0.5851) + (0.2966 x 0.7607) + (0.2492 x 0.9755)
+(0.1974 x 2.9328) + (0.1372 x 3.2378) + (0.0621 x 3.8766)
—(0.0436 x 6.1355) — (0.2413 x 6.4767) = 0.1024,
Orsp = Q1Y1p +doYou +d3Ysin +daYam + dsYsin + deYen + d7Yrn + dgYaun
= (=0.0651 x 0.5851) — (0.0514 x 0.7607) — (0.0372 x 0.9755)
—(0.0217 x 2.9328) — (0.0036 x 3.2378) + (0.0188 x 3.8766)
+(0.0505 x 6.1355) + (0.1098 x 6.4767) = 0.9050.

Similarly, the corresponding variances and covariances of fi, ., and & (see Table 9)

are computed to be:

LSE

Var(jii,s,) = 0.38900%, Var(6,s,) = 0.02370%, Cov(fi,ep,0,sp) = —0.079202.

LSE)

From Tables 10 and 11, it follows from (10) and (11), the 95% ClIs for x and o based on
R; and Ry are (-1.9365, 0.5620) and (0.5450, 2.0661), respectively. Also, From Tables
12 and 13, it follows from (12) and (13), the 95% CIs for 1 and o based on Rz and Ry
are (-1.8132, 0.5649) and (0.6023, 2.2558), respectively.

Suppose that we want to find the BLUP of Y7.g based on the first six observed order
statistic. From Table 1, we have ay.g = 5.4626, when 6 = 0.5. From Tables 2-3, for
0 = 0.5, we have

w! =(Cov(Yi.8,Yrs),Cov(Yas, Yr8), Cov(Yas, Yrs), Cov(Yys, Yrs), Cov(Yss, Yr.s),
Cov(Yess, Yos)) = (0.1682,0.3457, 0.5595, 0.8446, 1.2667, 1.9844).

Further, the vector of the first six observed order statistics is

Y7 = (0.5851, 0.7607, 0.9755, 2.9328, 3.2378, 3.8766),
and the vector of standard means is (from Table 1)

o’ = (0.5915, 1.1669, 1.7642, 2.4189, 3.1783, 4.1264).

Also Bgxe is the variance-covariance matrix of the six standard order statistics which
can obtained from Tables 2-3. So, the BLUP of the 7th order statistic is:

Y718 = ﬂBLU + 6BLU Q7.8 + wT/B_l(Y - ﬂBLUl - a—BLUO‘) = 5.1282.

Also, the BLIP of the 7th order statistic, Y7.g is EA’BLIP = 4.9447.

Example 2 (real data): In this example, we analyze the total annual rainfall (in
inches) during Jun recorded at Los Angeles Civic Center from 2017 to 2023 (see the
website of Los Angeles Almanac: www.laalmanac.com/weather/we08aa.htm). The
data set is displayed as follows

0.19, 0.32, 1.77, 2.05, 2.44, 5.95, 8.95.
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Let us first discuss how we can obtain an initial guess of the shape parameter 6 from
the LI distribution. Determination of a shape parameter of a location-scale family has
been discussed in Tiku and Akkaya (2004). Since the skewness and kurtosis measures
are independent of the location and scale parameters, we can identify a plausible value
of the shape parameter by matching (approximately) the sample skewness and kurtosis
with their corresponding distributional values. In our case, an initial guess value of
0 can be determined by equating the sample skewness with the population skewness.
The skewness (1/B31) of the LI distribution is given by (Ghitany et al., 2008)

VA = 2(6 + 6602 + 66 + 2)
! 02 +40+2)%F

The values of LI skewness are computed for different values of # and reported in Table
14. For the above data set, the sample skewness is found to be 1.6637. Based on this
value and Table 14, the plausible value of 6 can be chosen to be 8 = 1.5. Now, when § =

Table 14: LI skewness for dlfferent values of 6.
0 0=050=10=150=20=250=30=3560=40=45

VB 151 1.61 1.69 1.75 1.79 1.83 1.85 1.87 1.89

1.5, the maximum likelihood estimates (MLEs) of the location and scale parameters are
computed as fipsrp = 0.19 and 635 = 3.2034. Therefore, Kolmogorov- Smirnov (K-
S) statistic of the distance between the fitted and the empirical distribution functions
is 0.2225 and the corresponding p-value is 0.8296. Therefore, it is reasonable to assume
that the LI distribution is appropriate fitting distribution of the above data set. The
order statistics for above data set are as follows

0.19, 0.32, 1.77, 2.05, 2.44, 5.95, 8.95.
From Tables 4 and 5, it follow that the BLUEs of y and o are

fpry = 01Y1m + a2 +a3Yzn + asYyn + as5Ys + agYen + arYrn
— (1.1374 % 0.19) — (0.0111 x 0.32) — (0.0184 x 1.77) — (0.0216 x 2.05)
(0.0249 x 2.44) — (0.0286 x 5.95) — (0.0325 x 8.95) = —0.3861,
Opre = b1Yim +02You +03Y3., + 04 Yaen + b5Ys. + 06 Ye6:n + b7 Y70
= (—0.9942 x 0.19) + (0.1254 x 0.32) + (0.1463 x 1.77) + (0.1611 x 2.05)
4(0.1741 x 2.44) + (0.1870 x 5.95) + (0.2001 x 8.95) — 3.7688.

The BLIEs of the location and scale parameters are given by f,,, = —0.3062 and
65 = 3.2999. From Tables 6 and 7, the LSEs of i1 and o are

frsy = C1Y1n + Yoy +¢3Y3 + caYam + c5Ysin + c6Yen + c7¥7in
= (0.3619 x 0.19) + (0.3147 x 0.32) + (0.2604 x 1.77) + (0.1952 x 2.05)
(01117 x 2.44) — (0.0082 x 5.95) — (0.2360 x 8.95) = —0.7488,
o) = d1Y1.n + d2Youn + d3Ys.y + da¥Yin + dsYs.n + de Yo + d7Y7n

LSE
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= (—0.2347 x 0.19) — (0.1841 x 0.32) — (0.1259 x 1.77) — (0.0561 x 2.05)
+(0.0333 x 2.44) + (0.1618 x 5.95) 4 (0.4059 x 8.95) = 4.2354.

The corresponding variances and covariances of fi,,, and & (see Table 8) are com-

puted to be

BLU

Var(ji,,,) = 0.02516%, Var(s =0.14210%, Cov(fiy,y,6,,,) = —0.024202.

BLU)

The variances of fi,,, and 6,,, are
Var(ji,,,) = 0.024602, Var(6,,,) = 0.108952.

(see Table 9)

Similarly, the corresponding variances and covariances of fi, ., and &
are computed to be

LSE

Var(jii,s,) = 0.40430%, Var(s =0.300102, Cov(fi,op,0,sp) = —0.280102%.

LSE)

From Tables 10 and 11, it follows from (10) and (11), the 95% CIs for 1 and o based on
R; and Ry are (-2.6152, 0.1677) and (2.0334, 9.4605), respectively. Also, From Tables
12 and 13, it follows from (12) and (13), the 95% CIs for p and o based on Rs and Ry
are (-2.6766, 0.1679) and (2.3238, 11.078), respectively.

Suppose that we want to find the BLUP of Yg.7 based on the first five order statistics.
From Table 1, we have ag.7 = 1.4726, when 6 = 1.5. From Tables 2-3, we have

w! = (Cov(Yi.7,Ye.r), Cov(Yaur, Yor), Cov(Yar, Yor), Cov(Yar, Yo7), Cov(Ysz, Yo7))
= (0.0175,0.0398,0.0701,0.1151,0.1919).

Further, the vector of the first five observed order statistics is
Y7 =(0.19, 0.32, 1.77, 2.05, 2.44)
and the vector of standard means is (from Table 1)
o’ = (0.1511, 0.3197, 0.5136, 0.7463, 1.0443).

Also (5«5 is the variance-covariance matrix of the first five standard order statistics
which can obtained from Tables 2-3. So, the BLUP of the 6th order statistic is:

%27 = ﬂBLU + &BLU Q6.7 + wTIB_l(Y - IELBLU]‘ - &BLUa) = 4.8163.

Also, the BLIP of the 6th order statistic, Yg.7 is Yerrp = 4.5154.

5.2 Comparisons

In this section, we carry out a Monte Carlo simulation study to evaluate the perfor-
mances of the different estimators of p and o. In this comparative study, we have
randomly generated 1000 ordered sample Y7.,,, Yo.n, ..., Yn.n from the LI distribution
with pdf given in (1). We then obtained the BLUEs, LSEs and MLEs of p and o for
different values of n and #. We then compared the performances of these estimators
in terms of the estimated relative efficiency (ERE) criterion. We obtained the ERE of
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the BLUEs with respect to the LSEs and the MLEs. For notational convenience, let
0, and 65 be two estimates of . The ERE of 6; with respect to 0, is defined by

M (5 /s 9
ERE(él,ég) _ 251(?2(1‘) 0) 7
2 i1 (01(2) — 0)*
where 05, (i)(k = 1,2) are estimates of § at the ith iteration over M runs. Based on
this deﬁnition, we can Compute ERE([LBLU,[LMLE) and ERE(&BLU, a’J\ILE)~ Clearly,
ERE(iigLu, firse) and ERE(65Lu,LsE) can be computed using the variances of the
BLUEs and LSEs presented in Section 3.

We present the results of the EREs of the BLUES to the MLEs as well as the EREs
of the BLUEs to the LSEs for n = 1,2,...,8 and § = 0.5(0.5)4.5. The results are
displayed in Tables 15-18, respectively. From Tables 15 and 16, it is observed that the
BLUEs of u work better than the MLEs of p but for estimating the scale parameter
o, the MLEs work better than the BLUES.

Table 15: EREs of fi,,, with respect to fixrE.
=05 =1 6=15 =2 6=25 6=3 =35 =4 =45
1.0457 1.2158 1.1926 1.0303 1.0063 1.0180 1.0384 1.0255 1.0501
1.3781 1.3573 1.2995 1.3098 1.3675 1.3321 1.3651 1.3674 1.2796
1.4157 1.6041 1.5737 1.5061 1.5426 1.4462 1.4261 1.4704 1.6002
. 1.5758 1.6574 1.6238 1.5720 1.6210 1.5610 1.6170 1.6760
1.8078 1.8138 1.6943 1.7250 1.7270 1.6652 1.6102 1.7158 1.7180
1.9024 1.8086 1.8308 1.7192 1.7245 1.6372 1.7129 1.7775 1.7055
1.8706 1.8238 1.8310 1.7479 1.6966 1.6774 1.7401 1.8203 1.7277
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Table 16: EREs of 6,,, with respect to dyrE-

=05 0=1 0=15 =2 =25 =3 =35 =4 =45
0.7470 0.7662 0.6466 0.5863 0.5207 0.5038 0.5128 0.4769 0.5414
0.7556 0.6705 0.7154 0.6536 0.6652 0.6577 0.7041 0.7039 0.6476

0.7251 0.8306 0.7986 0.7754 0.7716 0.7310 0.7573 0.7795 0.7342
. 0.8056 0.8813 0.8415 0.7420 0.8516 0.7672 0.8313 0.8272
0.9062 0.8683 0.8371 0.8797 0.8532 0.8610 0.8384 0.8211 0.8108
0.9202 0.9095 0.9136 0.8211 0.9298 0.8241 0.8840 0.8664 0.8153
0.9642 0.8907 0.8926 0.9544 0.8676 0.9142 0.8508 0.8997 0.8757

O~ UTRWN 3
o
oo
>~
©
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From Tables 17 and 18 for both y and o, we observe that the BLUEs work better
than the LSEs.

Now, let us compare the BLUEs and BLIEs using the relative efficiency criterion
(REC). Since the mean squared errors (MSEs) of BLUESs are equal to their correspond-
ing variances, we have

MSE(fi,,,) = 0°Vi, MSE(6 = *Vy.

BLU)

On the other hand, the MSEs of BLIEs of p and ¢ can be obtained as

14+ V,

- 02V2
14V

MSE(IELBLI):J2 <V1 >7 MSE(OA_BLI)

Therefore, we can readily obtain the RECs of the BLIEs of 1 and ¢ with respect to
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f BLU 1hrespect to HJLSE

] =25 =3 6=35 =4 =45

I 1 1 I I 1

1.2946 1.4182 1.4628 1.3810 1.4733 1.3730 1.4720 1.6007 1.4908
1.6648 1.6228 1.6893 1.7425 1.9306 1.9228 1.9816 1.8569 1.9947
1.7848 2.0850 1.9948 2.3234 2.0014 2.4457 2.2762 2.3622 2.5839
2.0356 2.2442 2.6259 2.7546 2.6738 2.6723 2.8457 2.8541 3.2809
2.2744 2.7816 2.8026 2.9951 3.1082 3.6201 3.2945 3.4338 3.3677
2.4653 2.8403 3.3484 3.4353 3.8923 3.7011 3.9799 3.8284 3.8613

=051
I

OO UU WS

Table 18: The EREs of 6z with respect to 155.
=05 0=1 =15 0=2 0=25 6=3 0=35 0=4 0=4.5
T T T T T T T T T
1.1337 1.1520 1.1598 1.1131 1.1912 1.0596 1.1705 1.2126 1.1804
1.2363 1.2245 1.1673 1.2715 1.2757 1.2961 1.2280 1.2324 1.2816
1.2896 1.2327 1.2665 1.3577 1.3135 1.3125 1.2328 1.3302 1.3572
1.3109 1.2352 1.2675 1.3959 1.3291 1.3376 1.2522 1.3472 1.3594
1.3337 1.2612 1.3462 1.3976 1.3998 1.3756 1.3838 1.4547 1.4300
1.3760 1.3672 1.3787 1.4460 1.4131 1.4169 1.4010 1.4730 1.4896

N ULRWN I

their corresponding BLUEs as follows

o MSE(j,,,) W
REC(MBLI7MBLU) = o 2 217
MSE( BLI) Vi— Vs
1+V
MSE(6
REC( Oprrs BLU) ]\“E.((BLU))—l‘F‘/QZl
OpLr

Therefore, both of the BLIEs of y and o perform better than the corresponding BLUEs
in terms of MSEs. The Mathematical Package Maple 16 used to obtain the numerical
results.

6 Concluding remarks

In this paper, order statistics from Lindley distribution and associated inference are
considered. We also computed the means, variances, and covariances of the order
statistics for various values of the shape parameter. The BLUEs, BLIEs and LSEs
estimators of the location and scale parameters of the Lindley distribution were dis-
cussed. The BLUEs and BLIEs are then used to construct the confidence intervals
(CIs) for the location and scale parameters. Some numerical comparisons have been
conducted between the BLUEs, BLIEs, LSE and MLEs of the location and scale pa-
rameters based on MSEs. The paper is established based on the assumption that the
shape parameter is known. The procedure that used in our manuscript (and in the
mentioned above papers) is applicable for location-scale family of distributions and the
shape parameter (if there is any) is assumed to be known. However, if § is unknown,
then fi,,, and 6,,, are no longer BLUEs. But we can consider fi,,, and 6,,, as ap-
proximate best unbiased estimators (ABLUESs) if we replace ¢ with a suitable estimate,
0 say, in expressions (8) and (9).
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We observe that for all considered cases, the BLUEs of p perform better than their
corresponding MLEs in the sense of mean squared error (MSE) as the REC (fi,,;» iMLE)
> 1. On the other hand, the values of REC(6,,,,0mLE) are not greater than 1,
therefore the BLUE of o performs better than the MLE of o. We observe that for
all considered cases, the REC(fig,,,fip.,) and REC(6,,,,0,.,) are greater than 1,
therefore, both of the BLIEs of y and o perform better than the corresponding BLUESs
in terms of MSEs. We observe that for all considered cases, the REC(fiy, ;s firen)
and REC(6,,,,0,s5) are greater than 1, therefore, both of the BLUEs of y and o
perform better than the corresponding LSE. Overall speaking, based on the simulation
results here, we would recommend using BLIEs for the linear estimators of of  and o.
For future work, we discuss linear inference for the lifetime distribution of components
based on a Type-II censored lifetime data of reliability systems with known signatures.
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